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The aim of this paper is to show that for any n ¥N, n > 3, there exist a, b ¥N*
such that n=a+b, the ‘‘lengths’’ of a and b having the same parity (see the text for
the definition of the ‘‘length’’ of a natural number). Also we will show that for any
n ¥N, n > 2, n ] 5, 10, there exist a, b ¥N* such that n=a+b, the ‘‘lengths’’ of a
and b having different parities. We will prove also that for any prime p — 7(mod 8)
there exist a, b ¥N* such that p=a2+b, the ‘‘length’’ of b being an even number.
© 2002 Elsevier Science (USA)
1. INTRODUCTION
If n=pa11 · p
a2
2 · · · p
ar
r (where ai ¥N*, (-) i=1, r, pi prime (-) i=1, r ), the
‘‘length’’ of n is the number
W(n)=C
n
i=1
ai; W(1)=0.
The following two conjectures appear in [1].
The ‘‘Weak’’ Conjecture. If n ¥N, n > 3, there exist a, b ¥N* such that
n=a+b and W(a) — W(b)(mod 2).
The ‘‘Strong’’ Conjecture. If n ¥N, n > 163, there exist a, b ¥N* such
that n=a+b, W(a) — W(b)(mod 2) and any prime divisor q of ab satisfies
the inequality q [ n4 .
It is proved in [1] that the ‘‘Strong’’ conjecture implies the theorem of
Gauss, Heegner, Stark, and Baker: the ring of the integers for a quadratic
imaginary field Q(`d) is principal only for nine values of d
−d=1, 2, 3, 7, 11, 19, 43, 67, 163
(see [2] for a proof of this result). The aim of this paper is to prove the
‘‘Weak’’ conjecture, a result of the same type and a result ‘‘similar’’ to a
theorem of Fermat.
2. A RESULT ‘‘SIMILAR’’ TO A THEOREM OF FERMAT
We prove a statement which is more precise than the ‘‘Weak’’ Conjecture
in the case where n=p is a prime number such that p — 7(mod 8). This
result is similar to a theorem of Fermat which states that every prime
number p — 1(mod 4) can be written as a sum of two squares.
The proof of the following result was suggested by the referee. Our initial
proof was longer and it contained algebraic number theory arguments.
Theorem 1. If p is a prime number such that p — 7(mod 8) then there
exist a, b ¥N* such that p=a2+b and W(b) is even.
Proof. It is enough to prove that there exist x, y ¥N* such that
y2+p
4
=2x2,
with odd y satisfying y2 < p. Since p — 7(mod 8) we have that
18
p
2=12
p
2=1.
We choose a, b ¥ Z such that
8a — 1 (mod p)
and
b2 — a (mod p).
Such a number b exists since
1a
p
2=18
p
2=1.
Therefore we have
8b2 — 1 (mod p).
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Let us consider the ([`p]+1)2 > p objects
x+by
with
0 [ x <`p, 0 [ y <`p.
Then, by the pigeonhole principle, there are two such objects in the same
residue class modulo p. By taking the difference we find that there exist
x, y ¥ Z such that x2 < p, y2 < p, (x, y) ] (0, 0), and
x+by — 0 (mod p).
Now
8x2−y2 — y2(8b2−1) — 0 (mod p)
and
−p < 8x2−y2 < 8p.
Thus 8x2−y2 is 0, p, 2p, 3p, 4p, 5p, 6p, or 7p. Since 2 cannot divide
8x2−y2 exactly, the cases 2p and 6p are eliminated at once. Also as
(x, y) ] (0, 0) and`8 is irrational the case 0 is eliminated. We have
3p — 7p — 1 (mod 4).
But y is odd in these two cases, whence
8x2−y2 — 3 (mod 4),
which eliminates these cases. In the case of 5p, one clearly has that 5 does
not divide xy and so 8 would have to be a quadratic residue modulo 5,
which it is not. Finally one has to deal with the case 4p. Since y has to be
even, put y=2z. If x is also even, then we are done. If x is odd, then we
would have
2x2−z2=p
with both x and z odd. But then
p=2x2−z2 — 1 (mod 8).
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This is impossible since p — 7(mod 8). We proved that there exist x, y ¥ Z
such that
y2+p
4
=2x2,
y being an odd number which satisfies the inequality y2 < p. From these
facts we can infer immediately that we can suppose x, y are in N*.
If W(p−y2) is an even number, then it is obvious that the theorem is
proved: we have
p=y2+(p−y2)
and W(p−y2) is an even number. If W(p−y2) is an odd number then
W 1p−y2
2
2
is an even number and again the theorem is proved since
p=
p+y2
2
+
p−y2
2
=
p−y2
2
+(2x)2,
W((p−y2)/2) being an even number. L
3. PROOF OF THE CONJECTURE
If x ¥ R we denote by {x} the unique real number belonging to the
interval [0, 1) such that x−{x} ¥ Z. For proving the weak conjecture we
need the following.
Lemma. If q ¥N, q \ 3 and x ¥ R, then there exists m ¥N, 1 [ m [ q−1,
such that {mx} ¥ [0, 1q ) 2 [q−1q , 1).
Proof. Let us suppose that {mx} does not belong to
50, 1
q
2 2 5q−1
q
, 12, (-) m=1, q−1.
We consider the following intervals
5 i
q
,
i+1
q
2, - i=1, q−2.
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We have q−1 numbers {mx}, with m=1, q−1, belonging to q−2
intervals, [iq ,
i+1
q ) with i=1, q−2. By the pigeonhole principle there exist
1 [ m1 < m2 [ q−1, 1 [ i [ q−2(m1, m2, i ¥N)
such that {m1x} and {m2x} belong to the same interval [
i
q ,
i+1
q ). Then
|{m2x}−{m1x}| <
1
q
.
If {m2x} \ {m1x}, then
{(m2−m1) x}={m2x}−{m1x} <
1
q
.
If {m2x} < {m1x}, then
{(m2−m1) x}=1+{m2x}−{m1x} >
q−1
q
.
In both cases we obtain a contradiction since
1 [ m2−m1 [ q−2, {(m2−m1) x} ¥ 50, 1q2 2 5q−1q , 12 .
It remains that there exists m ¥N, 1 [ m [ q−1 such that {mx} ¥ [0, 1q) 2
[q−1q , 1). L
For proving the ‘‘Weak’’ Conjecture we need also the following proposition.
Proposition. If p > 5 is a prime, then there exists a prime q such that
q < p and (qp)=1(if a ¥ Z and p does not divide a then (
a
p) is the Legendre
symbol).
Proof. If p — 1(mod 4) then p−1=2a · qa11 · · · qarr for some r ¥N, a \ 2,
ai ¥N*, i=1, r and some odd primes qi, i=1, r. If r ¥N*, then
1qi
p
2=1 p
qi
2=1 1
qi
2=1, - i=1, r.
It is obvious that qi < p(-) i=1, r. If r=0 then a \ 3, since p > 5, and
12
p
2=1, 2 < p.
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If p — 3(mod 4) then p+1=2a · qa11 · · · qarr for some r ¥N, a \ 2, ai ¥N*,
i=1, r and some odd primes qi, i=1, r. If r ¥N* then
1qi
p
2=(−1) qi −12 . p−12 1 p
qi
2=(−1) qi −12 1 −1
qi
2=1.
Clearly qi < p, (-) i=1, r. If r=0 then a \ 3, since p > 5, and
12
p
2=1, 2 < p.
L
We are now able to prove the main result of this paper.
Theorem 2. If n ¥N, n > 3, then there exist a, b ¥N* such that n=a+b
and W(a) — W(b)(mod 2).
Proof. Let us observe first that it is enough to prove the theorem for
any prime p > 3, p — 3(mod 4). Indeed if n=a+b, W(a) — W(b)(mod 2), a,
b ¥N*, then for anym ¥N*we havemn=ma+mb, W(ma) — W(mb)(mod 2),
so mn has the same property as n. Therefore it is enough to prove the result
for any prime p ] 3 and for n=9. Since 9=2+7, W(2)=W(7)=1, 2=1+1,
W(1)=0, and any prime p — 1(mod 4) can be written as p=a2+b2, then it
is enough to prove the result for any prime p > 3, p — 3(mod 4). Let us
suppose that there exists p prime, p > 3, p — 3(mod 4) such that for any
a, b ¥N* with a+b=p, we have W(ab) — 1(mod 2).We show that (qp)=−1
for any prime q < p and then we obtain a contradiction if we take into
account the Proposition. For any n ¥ Z we denote by r(n) the unique
natural number which satisfies the conditions
a) 0 [ r(n) [ p−1
b) r(n) — n (mod p).
We show by recurrence that for any prime q < p, we have that
W(r(qn)) — 1+W(n) (mod 2), (-) n ¥N, 1 [ n [ p−1.
Let us show first this statement for q=2. If n ¥N, 1 [ n < p2 then r(2n)=2n
and it is obvious that W(r(2n))=W(2n)=1+W(n). Let us suppose now
that n ¥N, p2 < n [ p−1. We have p=n+(p−n), p=(2n−p)+2(p−n),
2n−p, p−n ¥N*. By our hypothesis we have
W(n(p−n)) — 1(mod 2), W((2n−p) 2(p−n)) — 1(mod 2).
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Adding these two congruences we obtain
0 — W((2n−p) 2n(p−n)2) — W((2n−p) 2n) — 1+W(n(2n−p)) (mod 2).
Therefore W(n(2n−p)) — 1(mod 2) and since r(2n)=2n−p in this case, we
have that W(r(2n))=W(2n−p) — W(n)+1(mod 2).We have proved that
W(r(2n)) — 1+W(n) (mod 2)(-) n ¥N, 1 [ n [ p−1.
We show now that the order of 2 in (Zgp , · ) is an even number. Let us
denote with m1 this order. Since W(r(2n)) — 1+W(n)(mod 2), -n ¥N*,
1 [ n [ p−1, we obtain (by a recurrence argument) that
0=W(1)=W(r(2m1)) — m1 (mod 2).
Since m1 is even, it is immediate that (
2
p)=−1. If (
2
p)=1 then 2
(p−1)/2 —
(2p)=1(mod p). We get that m1 is an odd number since m1 |
p−1
2 and
p−1
2 is
an odd number, which is a contradiction. Thus we have checked for q=2.
Let us suppose that the hypothesis is true for the first r prime numbers
p1=2< p2=3< · · · pr < p and we will show that the statement is also true
for q=pr+1 if pr+1 < p. Obviously q \ 3. Let n ¥N, 1 [ n [ p−1. If n < pq
then W(r(qn))=W(qn)=1+W(n). If p(1− 1q) < n < p then p=n+(p−n),
p=(qn−(q−1) p)+q(p−n), p−n, qn−(q−1) p ¥N*. By our hypothesis
W(n(p−n)) — 1(mod 2), W((qn−(q−1) p) · q(p−n)) — 1 (mod 2). (1)
Adding these two congruences we obtain
0 — W(n(qn−(q−1) p) q(p−n)2) — 1+W(n)+W(qn−(q−1) p) (mod 2).
Therefore
W(r(qn))=W(qn−(q−1) p) — 1+W(n) (mod 2).
r(qn)=qn−(q−1) p, since (1− 1q) p < n < p. Now we suppose that
p
q < n <
p(1− 1q).We denote x=
n
p . By the Lemma we know that there exists m ¥N*,
1 [ m [ q−1 such that
{mx} ¥ 50; 1
q
2 2 51−1
q
; 12 .
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Since mn=m· np · p=mxp=[mx] p+{mx} p we have r(mn)=r({mx} p)=
{mx} p and 0 < r(mn) < pq or p(1−
1
q) < r(mn) < p. By what we have proved
above we get that
W(r(qmn)) — 1+W(r(mn)). (2)
Decompose m as m=pa11 · · · p
ar
r , ai ¥N, -i=1, r (clearly pi does not divide
m for i \ r+1, since m [ q−1 < q=pr+1) and denote mi=ord(pi) in
(Zgp , · ). We obtain by using (2), the recurrence hypothesis, and the
inequalities ai < mi(p
ai
i [ m [ q−1 < q < p < pmii ; therefore ai < mi), the
following congruences:
W(r(qn))=W(r(qnpm11 · · · p
mr
r ))=W(r(qnp
a1
1 · · · p
ar
r p
m1 −a1
1 · · · p
mr −ar
r ))
— C
r
i=1
(mi−ai)+W(r(qnm)) — 1+C
r
i=1
(mi−ai)+W(r(nm))
=1+C
r
i=1
(mi−ai)+W(r(np
a1
1 · · · p
ar
r )) — 1+C
r
i=1
(mi−ai)+C
r
i=1
(ai)+W(n)
=1+C
r
i=1
(mi)+W(n) — 1+W(n) (mod 2).
We used above that mi is an even number -i=1, r.We have proved that
W(r(qn)) — 1+W(n) (mod 2), -n ¥N, 1 [ n [ p−1.
If we denote mr+1=ord(q¯) (in (Z
g
p , .) then we infer immediately that
0=W(1)=W(r(qmr+1)) — mr+1(mod 2) and that (
q
p)=−1. If (
q
p)=1 then
q (p−1)/2 — 1(mod p) and mr+1 |
p−1
2 . This is impossible since mr+1 is an even
number and p−12 is an odd number. Therefore (
q
p)=−1 and the recurrence
step is now proved. It follows that (qp)=−1 for any prime q < p. According
to the Proposition we obtain a contradiction. L
Remark. In some connection with the ‘‘Weak’’ Conjecture is the
following statement.
Conjecture. If q > 2 is a prime number, then there exist r prime
numbers
q1 < q2 < · · · qr < q
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such that r is an odd number and there exists a genus of positive, primitive,
reduced forms of discriminant
−4q1 · q2 · · · qr · q,
containing only forms having orders one or two.
Although this conjecture is true for any prime number q which satisfies
the inequalities
3 [ q [ 43,
the above conjecture is false. The main tool for proving that the above
Conjecture is false is a famous result of Siegel,
lim
dK Q −.
ln(h(dk))
ln |dK |
=
1
2
,
where K is a quadratic imaginary field of discriminant dK and h(dK) is the
cardinal of the ideal class group for the field K.
The argument in the proof of Theorem 2 can be also used to prove the
following.
Theorem 3. If n ¥N, n > 2, n ] 5, 10, then there exist a, b ¥N* such
that n=a+b and W(a) — W(b)+1(mod 2).
Proof. If n=a+b, W(a) — W(b)+1(mod 2), then mn=ma+mb and
W(am) — W(bm)+1(mod 2). Therefore it is enough to prove the theorem
for any prime p ] 2, 5 and for n=4 and n=25. Since 4=1+3,
25=22+3, it is enough to prove the theorem for any prime p ] 2, 5. Let
us suppose that there exists p prime p ] 2, 5 such that W(ab) — 0(mod 2)
for any a, b ¥N* such that p=a+b. If p — 3(mod 4), by the same argu-
ment as in Theorem 2 we show that (qp)=−1 for any prime q < p. The
crucial step is to prove that
W(r(qn)) — 1+W(n) (mod 2)(-) n ¥N, p 11−1
q
2 < n < p.
By our hypothesis we have
W(n(p−n)) — 0(mod 2), W((qn−(q−1) p) q(p−n)) — 0(mod 2). (3)
Adding these two congruences we obtain that
W(r(qn))=W(qn−(q−1) p) — 1+W(n) (mod 2).
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The only difference is that in congruences (1) we have 1 in the right sides
and in (3) we have 0 in the right sides. But adding the congruences from
(1) and from (3) we obtain the same conclusion. Therefore we get
that (qp)=−1 for any prime q < p. Taking into account the Proposition
we obtain that p=3. But 3=1+2, W(1)=0, W(2)=1. It follows that
p — 1(mod 4). If p — 1(mod 8), then we know that there exist x, y ¥N*
such that p=x2+2y2 and then we are done. The only remaining case is
p — 5(mod 8), p > 5. We show by recurrence that for any prime q < p we
have that
W(r(qn)) — 1+W(n) (mod 2), -n=1, p−1, 4 | ord(q¯), 1q
p
2=−1.
This will lead to a contradiction according to the Proposition. We show
that W(r(qn)) — 1+W(n)(mod 2), -n=1, p−1. If m=ord(q¯) in Zgp it is
immediate from the above congruence that m is even. More than that, we
have W(p−1) — 0(mod 2) by our hypothesis (p=1+(p−1)). Therefore we
have
0 — W(p−1)=W(r(q
m
2)) —
m
2
(mod 2).
We proved that 4 | m. By this information it follows easily that (qp)=−1.
Indeed, if (qp)=1 we get that 1 — q
(p−1)/2(mod p) and that m | p−12 . But this is
a contradiction since 4 |m| p−12 and
p−1
2 — 2(mod 4) (since p — 5(mod 8)). L
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